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Abstract: The present paper makes a critical review of some methods and models, now available in the technical litera-
ture and commonly used in the analysis of masonry vaults up to their collapse, by highlighting advantages and drawbacks 
of each approach. All methods adopted to describe the mechanical behavior of masonry structures, in order to be reliable, 
must take into account the distinctive aspects of masonry, namely the scarce (or zero) tensile strength, the good resistance 
in compression and the occurrence of failure mechanisms through rotation-translation of rigid macro-blocks. Classic no-
tension material models disregard the small existing tensile strength and make the assumption of (1) infinitely elastic be-
havior in compression and (2) isotropy, giving thus the possibility to deal with either semi-analytical approaches (espe-
cially for arches) or robust numerical procedures. More advanced but rather complex models are nowadays able to deal al-
so with anisotropy induced by texture, small tensile strength and softening in tension, as well as by finite strength in com-
pression. Traditionally – and nowadays it is still an opinion commonly accepted, in contrast with step by step complex 
procedures, Limit Analysis has proved to be the most effective Method for a fast and reliable evaluation of the load bear-
ing capacity of vaulted masonry structures: classic lower and upper bound theorems recall respectively the concepts of 
equilibrium and occurrence of failure mechanisms with rigid elements. The so-called Thrust Network Method moves its 
steps from lower bound theorems, whereas FE limit analysis approaches with infinitely resistant elements and dissipation 
on interfaces take inspiration from the upper bound point of view. An alternative to Limit Analysis is represented by tradi-
tional FEM combined with either elastic-plastic or damaging models with softening, commonly used for other materials 
but recently adapted also to masonry. They are able to provide a large set of output numerical information but further 
studies are still needed to ensure their proper application. 
Keywords: Masonry single and double curvature structures (arches, vaults, domes), numerical models, state of the art. 
1. INTRODUCTION 
 Masonry curved elements – such as arches, domes and 
vaults – represent one of the most widespread structural ty-
pologies in the historical buildings of both Eastern and 
Western architecture. Since many of these constructions, if 
not the majority of them, date back to centuries ago, the in-
terest for their preservation and rehabilitation has always 
been great and is growing over time along with the need for 
developing new efficient tools to analyze and evaluate their 
load-bearing capacity. 
 Actually this has never been a simple task, mainly be-
cause masonry is a heterogeneous material consisting of 
units of different types, such as bricks, ashlars, adobes, regu-
lar or irregular stones etc., and joints made of clay, bitumen, 
chalk, lime/cement based mortar, glue etc. Both units and 
joints can have completely different mechanical, chemical 
and physical behaviour and the number of their possible 
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combinations, in terms of geometry, assembling and charac-
teristics can be sensibly high, so as to raise some doubts 
about the pertinence of the term “masonry”. However, the 
different types of masonry, although exhibiting different 
mechanical behaviours, have in general a very low tensile 
strength as a common feature and this property has always 
been so important to influence the shape of ancient construc-
tions. Moreover, there are many difficulties in performing 
advanced mechanical tests in ancient structures because of 
the great variety of masonries, the variability of the masonry 
itself in a specific structure and the impossibility of repro-
ducing such a variability in just one specimen. 
 The structures belonging to the Architectural Heritage, 
by their very nature and history (materials and assembling), 
offer a number of very interesting challenges in conserva-
tion, diagnosis, analysis, monitoring and strengthening. The 
recently published Recommendations for the Analysis, Con-
servation and Structural Restoration of Architectural Heri-
tage by ICOMOS [1] and the Italian Guidelines for cultural 
heritage buildings [2] recommend an iterative process be-
tween data acquisition and diagnosis on one hand and struc-
tural behavior and safety on the other. In particular, diagno-
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sis and evaluation of the structural safety are two consecutive 
and related stages which determine the effective need for 
some interventions and their extent.  
 To date, nevertheless, the analysis of masonry structures 
represents a still unsolved issue: a widely accepted approach 
to the study of their stability is still lacking. Simple linear 
elastic models, which form the basis of common structural 
analyses, cannot in fact be applied to masonry because of its 
inherent and widely differing response to tension and com-
pression. The problem is well known. More than twenty 
years ago Giuffrè wrote [3]. “Something deserves to be re-
viewed in the mechanical training of the Civil Engineer […] 
between Mechanics and the chapter of the Theory of Elastic-
ity. Due to the resulting confusion, all the results of the pro-
gress achieved since the time of Cauchy in understanding the 
behavior of elastic structures, with the help of modern com-
puterized algorithms, have been applied “tout court” and 
indifferently to all constructions, even including ancient ca-
thedrals or temples ”. In contrast to the trend of that time, Di 
Pasquale [4] underlined that “In masonry the form of the 
resistant structure depends on loads”, Fig. (1). 
 Several methods and computational tools are nowadays 
available for the assessment of the mechanical behavior of 
historical constructions and the Authors of this note refer to 
Roca et al. [5] for an exhaustive and general overview of the 
State of the Art of the approaches to structural analysis of 
historic masonry constructions. The methods, which are 
based on different theories and approaches, exhibit different 
levels of complexity (from simple graphical methods and 
manual calculations to complex mathematical formulations 
and large systems of nonlinear equations), different usability 
by practitioners (by readily available in any consulting Engi-
neering office to poorly available or available only in a few 
oriented research centers), require different execution times 
(from a few seconds of computer time to many hours of pro-
cessing) and, of course, different costs. 
 Moreover it is worth noting that a number of Mathemati-
cians studied masonry-like materials in the context of the 
Theory of Variational Inequalities of Lions and Stampacchia 
and formulated a proper functional setting, on the basis of a 
simplified constitutive law for which masonry behaves as 
nonlinear hyperelastic (homogeneous isotropic) no tension 
material, i.e. with zero tensile strength and infinite compres-
sive strength, and the cracks are dealt as distributed distor-
tions (Heyman [6], Di Pasquale [7], Del Piero [8], Giaquinta 
and Giusti [9], Anzellotti [10]. 
 Finally it must be observed that an appropriate 
knowledge of the history of structural Mechanics, design 
methods and construction technologies is surely necessary to 
understand the mechanical behavior of historical construc-
tions, and for this the reader is referred to the basic text of 
Benvenuto [11] or more recent papers of Huerta [12,13]. 
2. THE MODERN VAULT THEORY 
 The modern history of the calculus of masonry vaults 
begins with the contributions of the late 1600s English 
school (Hooke 1676 and 1705, Gregory 1698) that stated the 
analogy between the inverted shape of a catenary and a 
compressed arch, employed by Poleni in 1743 for the 
consolidation of the dome of St. Peter in Rome and reused 
by Gaudi, the architect of the Sagrada Familia in Barcelona. 
The first ‘‘scientific” graphical attempts to study the equilib-
rium of masonry domes go back to the early 18
th
 century and 
are attributed, among others, to Bouguer (1734), Bossut 
(1778), Coulomb (1773- also taking into account friction) 
and Mascheroni (1785). These scientists stated mono-
dimensional equilibrium equations, neglecting the role of 
circumferential forces and anticipating indeed concepts of 
limit analysis, see Fig. (2).  
 During the 19
th 
century the theory of elasticity was de-
veloped and a new look was given to the statics of arches 
(Navier 1826); after that, for almost fifty years, the research-
ers – for instance Mery (1857)- tried to conciliate the tradi-
tional approach in terms of limit analysis with the new 
claims in the name of strength and elasticity. 
 Anyway, what appeared clear since the beginning, was 
that cracking occurs on curved masonry elements with their 
own self-weight in consequence of the very low tensile 
stresses. In this context, a considerable improvement in the 
analysis of spherical domes was achieved when Levy (1888) 
proposed a graphical analysis aimed at finding the circle on 
which circumferential forces vanish. 
 As regards masonry arches and vaults (made of stone 
blocks or solid clay bricks), a sound theoretical framework 
exists and nowadays -following Huerta [12] or Como [14]- it 
can be affirmed that the modern theory of limit analysis of 










Fig. (1). In masonry, the form of the resistant structure depends on loads (Di Pasquale [4]). 
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Heyman [15], is the most reliable tool to understand and 
analyze masonry curved structures. For the sake of com-
pleteness, it is worth citing also the previous papers of 
Pippard [16, 17] on the analysis of masonry arch bridges and 
the Ph. D. thesis of Kooharian [18] in 1952 at Brown Uni-
versity where the basic idea appeared for the first time. Fi-
nally the possibility of extending limit analysis theorems to 
no tension materials has been completely proved by Del 
Piero [8]. 
 According to the Heyman formulation [15], the limit 
theorems of plasticity can be applied to masonry structures 
provided the following conditions are verified:  
1. The compressive strength of the material is infinite;  
2. Sliding between parts is impossible; 
3. The tensile strength of masonry is null. 
 These conditions enable the application of the well 
known limit theorems of Plasticity- static (lower bound) and 
kinematic (upper bound) theorems, Fig. (3).  
2.1. Static Theorem 
 The structure is safe, meaning that the collapse will not 
occur, if a statically admissible state of equilibrium can be 
found. This occurs when an inner thrust line to the arch 
thickness (or an inner thrust surface to the vault) can be de-
termined in equilibrium with the external loads. In practice, 
the solution is constrained to a particular zone of the struc-
ture’s section, for example 0,85·d, with d the depth of the 
section, not only to take in to account the imperfections in 
the real geometry, but also to avoid unrealistic stress concen-
trations, which would violate the no-crushing assumption 
(Heyman [19]). Thrust line analysis is a useful tool to ex-
plain and examine the stability of one-dimensional (1D) 
structures, but unfortunately it is practically limited to them. 
2.2. Kinematic Theorem 
 If a kinematically admissible mechanism can be found, 
for which the work developed by external forces is positive 
or zero, then the arch will collapse. The load multiplier so 
determined is an upper-bound to the actual one. In practice it 
is very easy to apply this theorem only to arches or others 1D 
structures. 
 Classical manual methods of analysis, Como [14], allow 
finding in a suitable way 1D equilibrium solutions for the 
different types of vaults; Fanning and Boothby [20] provided 
a critical overview of the different methods of analysis for 
 
Fig. (2). The contribution of Mascheroni. 
 
Fig. (3). Thrust line (continuous blue line) and collapse mechanism for an arch. 
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masonry arches and vaults. However, simplified limit analy-
sis methods can provide an elegant solution for the complex 
problems of dome and drum of the Basilica of S. Maria 
Assunta in Carignano (Genoa), Bagicalupo et al. [21]. 
 It has to be observed that normally for structures made of 
clay bricks and blocks: 
 the collapse generally occurs at small overall displace-
ments. 
 The second hypothesis previously discussed (sliding 
absent) is not always verified. Indeed sliding is possible 
in some cases, but experimentally shear failure at the 
joints can be dealt within the context of non-associate 
plasticity (Gilbert et al. [22], Orduna and Lourenço 
[23]). 
 The infinite compressive strength might be questiona-
ble, and even Heyman [19] suggested a method to take 
it into account, but crushing behavior has a minor im-
portance in the response of masonry structures except 
for very shallow arches, pillars, towers and massive ver-
tical structures.  
 The study of masonry vaults should take into account the 
essentials of the material “masonry”, as highlighted by Huer-
ta [12]: 
1. Heterogeneity; 
2. Almost no resistance to tension and good compressive 
strength; 
3. High friction coefficient; 
4. Importance of the overall geometry for achieving the 
equilibrium. 
2.2.1. Heterogeneity 
 Masonry is obviously a heterogeneous composite materi-
al (made by clay bricks or stone blocks and mortar) and, ac-
cording to experimental evidence, exhibits a non-isotropic 
behavior both in the elastic range and at collapse [24-27], see 
Fig. (4). 
 Moreover, in the case of vaults, the texture can be com-
pletely different in the different parts of the same vault,  
Fig. (5). 
2.2.2. Almost No Tension Resistance and Good Compres-
sive Strength 
 The tensile strength is quite variable and uncertain; usu-
ally the crisis occurs in the interface between mortar and 
brick, which can be modeled according to Lourenço and 
Rots [28], Sutcliffe et al. [29], Milani et al. [26], Fig. (6a). 
2.2.3. High Friction Coefficient 
 According to Vasconcelos & Lourenço [30] the friction 
coefficient for historical masonry is m=0,4-0,6. However the 
normality is lost and the flow rule is not associate; in this 
case, as well known (Radenkovic [31], Salençon [32]). The 
limit analysis theorems do not hold and LP methods cannot 
 
Fig. (4). Homogenized Figure for Page experimental results [24], (a) =0°, (b) = 22.5°. 
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be used straightforwardly. Standard formulations adopt a 
simple frictional Coulomb law characterized by a friction 
angle  at the contact interfaces. Applying the normality 
condition (or associated flow rule) leads, in this case, to a 
fixed dilatancy (normal separation between blocks) charac-
terized by an angle ψ necessarily equal to , where tanψ is 
the ratio between normal and tangent deformation (Fig. 6b). 
In reality, no physical condition leads to this value, real dila-
tancy of masonry being variable and almost null in many 
cases. 
 A number of authors proposed different numerical meth-
ods (Livesley [33], Orduna & Lourenço [23], Gilbert et al. 
[22], Tangaramvong and Tin-Loi [34]. The effects of friction 
on the static behavior of arch bridges has been discussed by 
Drosopoulos et al. [35], whereas the effect of friction on the 
stability of masonry vaults has been studied by D’Ayala and 
coworkers [36, 37], who assert that limit state analysis with 
finite friction allows to investigate two aspects of masonry 
vaults previously neglected: the possibility of sliding mecha-
nisms between blocks and the importance of three-
dimensional stress fields in the equilibrium of complex 
vaults. Particularly the analysis has been able to show that 
for values of the coefficient of friction smaller than 0.5, slid-
ing can become a critical failure mode and further increases 
in thickness are necessary to re-establish equilibrium. 
2.2.4. Importance of the Overall Geometry for Achieving 
the Equilibrium 
 Nowadays new laser scanner techniques are available for 
accurate geometric surveys of actual masonry vaults 
(Schueremans and Van Genechten [38]). Obviously, the 
evaluation of gravity loads and of their work in the kinematic 
limit analysis or of the thrust line in the static approach de-
pends on the way the geometry is taken into account. For 
instance, an example of this effect can be appreciated by 
looking at the difference between the limit load multipliers 
evaluated by curved six-noded elements and by plane trian-
gular elements, as shown in Fig. (7), in the case of a hemi-
spherical dome [39-41]. 
 Recentely, Carini & Genna [42] for a particular case 
study (an old masonry vault subjected to compressive longi-
tudinal loads in the Basilica Romana Minore di San Lorenzo 
in Verolanuova, Brescia) have emphasized the importance of 
accurately reproducing the actual geometry. For instance in 
their 3D non linear analysis, where the masonry is modeled 
Fig. (6). a) Interface failure surface adopted for mortar joints by Sutcliffe et al. [29] and Milani et al. [26, 27], from [26]. b) Associated flow 
rule (top) with μ = tan = tanψ, and non-associated flow rule (below), with null dilatancy (tanψ = 0). The yield criterion is represented as 




Fig. (7). Hemispherical dome analysed in [39-41]. (a) Refined discretization (Mesh 3):1344 elements and 2784 nodes. (b) Mesh dependence 
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as an elastic plastic material with Drucker Prager yield sur-
face, the implementation of actual imperfections causes a 
reduction of the collapse load of about 65% (from 14.93 to 
5.45 MN) with respect to the case with no imperfections. 
This gives a good evidence of the extreme importance of the 
correct definition of the actual geometry for this class of 
problems. 
 However, at least two additional factors must be taken 
into account in the analysis of masonry vaults, i.e. the effect 
induced by the presence of infill and the presence of pre-
existing crack patterns. 
2.2.5. Importance of Taking Into Account the Infill 
 Infill stabilizing effect is particularly important for ma-
sonry arch bridges. A large amount of technical literature 
deals with masonry arch bridges [43-52] and the research in 
the field is at present very active, due also to the consistent 
number of railway masonry arch bridges that are still in ser-
vice. In this context, the importance of taking into account 
the back fill has long been recognized. Recently Cavicchi 
and Gambarotta [50, 51] have rigorously investigated the 
role played by the backfill in the determination of the actual 
bearing capacity of 2D bridges and Milani & Lourenço [43] 
have presented a 3D limit analysis study of a skew masonry 








Fig. (8). (a) Vertical load-maximum vertical displacement curves obtained in [43]. In the figure experimental data available, collapse loads 
provided by Ring [52], 2D FE limit analysis with arch–fill interaction, 3D FE limit analysis and elastic-plastic FE models are also repre-
sented. (b) and (c) Deformed shape at collapse obtained by using Ring software [52] and the 2D limit analysis code proposed in [27] with 
arch–fill interaction. 
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2.2.6. Importance of Taking Into Account the Existing 
Cracks 
 Existing masonry vaults present generally a diffused 
crack pattern due too many and mostly unknown factors (e.g. 
building sequence, settlement of foundations, seismic events, 
wrong consolidation works etc.). The crack pattern obvious-
ly affects the structural behavior and should be considered in 
the analysis. It can be observed that, at least in masonry 
vaults built with regular stones or solid clay bricks, the 
cracks are evident and clearly separated from each other,  
Fig. (9); moreover, treating cracks as distributed distortions 
appears still questionable. Despite the importance of the 
problem and its diffusion, a model suitable for the analysis 
of previously damaged vaults seems still missing. 
3. COMPUTATIONAL METHODS 
 The recently developed computational methods can be 
classified into two broad categories: thrust network methods, 
subsection 3.1, based on the Static Theorem of limit analysis, 
and the Finite Element method, developed both for nonlinear 
incremental analysis, 3.2, and for limit analysis, 3.3. 
3.1. Thrust Network Methods (TNM) 
 In order to extend thrust line to spatial structures, 
O’Dwyer [53] introduced the use of 3D funicular force net-
works defined in plan. His approach is limited to vertical 
loading and the layout of the networks is fixed in plan. Even 
though the fixed network in plan still inherently gives rise to 
conservative results, these 3D networks give a much better 
understanding of vaults than the previous simplified analysis 
that combines one-dimensional thrust line analyses. How-
ever, an important limitation of this method was the incapa-
bility to deal with the static indeterminacies in the horizontal 
equilibrium of networks with a fixed horizontal projection.  
 Building on O’Dwyer’s seminal work, thrust network 
analysis (Block & Co-workers [54-56]) addressed the first 
issue by introducing Maxwell reciprocal force diagrams, 
which describe the possible horizontal equilibria of compres-
sive funicular networks, named thrust networks, under verti-
cal loading. An important drawback of the original thrust 
networks framework, as presented in the abovementioned 
references, was the lack of a general algorithm and the ne-
cessity of the manual manipulation of the reciprocal force 
Diagrams. The extensions overcoming this limitation are 
discussed in Block & Lachauer [56]. 
 Another recent approach for 3D equilibrium analysis 
based on funicular networks and inspired to Gaudi’s hanging 
models has been proposed by Andreu et al. in [57, 58]. The 
approach, in which general load cases could be easily in-
cluded, is different from the previous one and the equilib-
rium solutions are not constrained to fixed horizontal projec-
tions. 
 A related approach to TNA for generating funicular net-
works in the presence of vertical loading has been proposed 
by Fraternali [59] as a specific 3D extension of the lumped 
stress method (Fraternali et al. [60]). It can be showed that 
their equilibrium conditions and global framework, separat-
ing horizontal and vertical equilibrium, was entirely equiva-
lent to thrust network analysis, but in contrast, this approach, 
based on the discretization of Airy stress functions, pre-
sented some challenges with respect to singularities in the 
boundary conditions and loading, or discontinuities, such as 
cracks or openings, in the discretized equilibrium surfaces 
and the supports (Babilio et al. [61]). Very interesting and 
technically significant case studies have been recently dis-
cussed by Angelillo et al. in  [62], Fig. (10).  




Fig. (9). (a) Porch vaults of the church of S. Francisco del Baron in Valparaiso (Chile) damaged by old seismic events. (b) extrados of For-
nasini tower vaults in Poggio Renatico (Italy) damaged by 2012 Emilia Earthquake. 
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networks and the lumped stress method, has been presented 
by Vouga et al. [63] to find particular best-fit solutions to 
target surfaces, but their method is unable to capture typical 
sharp features of Gothic masonry vaults, such as creases 
along ribs. Convergence issues also have still to be cleared 
for the thrust network methods. 
 A different approach based on a selection of membrane 
stress surfaces and obeying equilibrium and a no tension 
masonry constitutive equation has been recently presented 
by Baratta and Corbi [64, 65]. The problem is expressed in 
terms of a suitably defined stress function allowing some 
simplification. The solution is then sought by using an ener-
gy approach. In general, it is also proved that under gravita-
tional loads the equilibrium of the vault implies its admissi-
bility. This result is quite significant because it explains why 
it is possible to build up masonry vaults by simply hypothe-
sizing a resistant shape under the assigned loads.  
3.2. FE Methods: Incremental Nonlinear Analyses 
 Unsurprisingly, ancient masonry vaults have been studied 
since long time ago by using the most advanced tools availa-
ble for structural assessment. The first researches on the stat-
ic behavior of these structures began in the late 80s of the 
last century and the two older authors of this note 
(Alessandri and Tralli), in those days at the University of 
Florence, want to remember the pioneering studies of the 
Brunelleschi Dome by Chiarugi et al. [66] and the criticisms 
by Di Pasquale. In any case, the reader is referred to Roca  
et al. [5] for a more complete report on the subject. 
 Having regard to the studies published since 2000, it is 
possible to observe that a number of FE commercial pro-
grams are often used in the technical literature to model ma-
sonry vaults. As a matter of fact, all such programs are FE 
codes developed to study steel or concrete structures by 
means of a load increment strategy and modified values of 
the initial stiffness of the elastic element; cracks are taken 
into account as a kind of smeared distortions. Usually, elastic 
plastic constitutive equations with associate flow rule and 
different yield surfaces are employed for steel structures, 
whereas much more complex elastic plastic damaging con-
stitutive models have been developed for concrete. The het-
erogeneity of masonry is not accounted for and isotropic 
behavior either in the elastic field or at collapse is generally 
assumed. However it is worth noting that these techniques of 
analysis turn out to be adequate if combined with proper 
engineering reasoning. 
 By way of example, with no claim to be exhaustive, the 
Authors mention that: Carini and Genna [42], Bagicalupo  
et al. [21] and Audenaert et al. [49] used ANSYS by assum-
ing for masonry some elastic-plastic material models (either 
Drucker-Prager or Willam-Wranke with low tension 
strength); D’Ayala & Tomasoni [37] used Algor V21 with 
contact elements, Theodossopoulos et al. [67] employed 
Abaqus, Creazza and co-workers [68, 69] Midas with a so 
called concrete model, etc. 
 To the Authors’ knowledge, only two programs, namely 
DIANA by TNO Delft [70] and NOSA CNUCE by CNR 
Pisa [71], contain specific software developed for studying 
masonry curved structures. 
 The first one, which refers to the Ph.D. thesis by 
Lourenço at Delft University, is based on an accurate model-
ing of the masonry mechanical behaviour which requires a 
thorough experimental description of the material. The 
reader is referred to [70] for a more comprehensive discus-
sion on these issues. A basic notion is introduced, named 
softening, to represent the gradual decrease of the mechani-
cal resistance under a continuous increase of the deformation 
imposed on a material specimen or a structure. DIANA re-
covers, if necessary, the mesh independence by some numer-
ical procedures derived from brittle fracture Mechanics and 
allows using contact-gap elements. The program has been 
satisfactorily used by a number of researchers to analyze 
masonry vaults and complex historical masonry structures. 
Pizzolato et al. [72] for instance studied the vaults of the 
“Tre Ponti” bridge in Comacchio, Italy, see Fig. (11). 
 The second one is based on the constitutive assumption 
of no tension material. The main hypotheses are, as previ-
ously quoted, that masonry behaves as a nonlinear hyper-
elastic (homogeneous isotropic) no tension material, i.e. with 
zero tensile strength and infinite compressive strength, and 
the cracks are dealt as distributed distortions. The infinitesi-
mal strain E is the sum of an elastic part and a positive semi-
definite fracture part: in symbols, E=Ee+Ef . Moreover, the 
Cauchy stress T, negative semi-definite and orthogonal to Ef, 
depends linearly and isotropically on Ee. Ef is called the frac-
 
(a) (b) (c) 
Fig. (10). (a) Cloister vault, “Soffitto Verde”, in “palazzo del Pozzo della Cisterna”, Torino. Parabolic shape of the thrust membrane (b) and 
comparison with the intrados surface of the cloister vault (c). A reduced portion of the parabolic shape inside the masonry is shown in (b) 
and (c). 
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ture strain because it is responsible for the occurrence of 
cracks in the regions where it has non null values [73]. 
 The equilibrium problem of masonry vaults and domes is 
solved by using non conforming quadrilateral eight-node 
shell elements based on the Love–Kirchhoff hypothesis 
(Nagtegaal & Slater [74]). In the search for the thrust surface 
a (non unique) maximum modulus eccentricity surface is 
evaluated in an original and elegant way, see Fig. (12). 
3.3. FE Methods: Limit Analysis and Incremental Anal-
yses by Rigid Elements 
 The limit analysis theory of classical plasticity [75] is 
based on the following basic assumptions: 
 the structure is made of rigid plastic material with 
infinite ductility and associate flow rule for which the 
postulate of maximum plastic dissipation holds; 
 the deformed configuration can be considered 
coincident with the initial one in writing the equilibrium 
equations. 
 As previously said, both the upper bound and lower 
bound theorem, after the discretization of the structure, can 
be cast in the form of two dual Linear Programming (LP) 
problems. These theorems can be applied to the no tension 
case [8], where the principal stresses are assumed to be non-
positive; however some computational problems occur: 
 For instance the null state (the origin of the axes) lies on 
the border of the yield locus; as a consequence, a no 
tension structure in the absence of loads is outside the 
domain of feasibility and therefore, for instance, the first 
phase of the Dantzig simplex method fails as a set of 
algorithms for interior points. More realistic criteria can 
be employed where a very low tensile strength is 
generally assumed for masonry, but the convergence to 
the no tension solution has not to be proved. 
 Moreover, if friction is taken into account, the normality 
is lost and the flow rule is not associate; in this case, as 
is well known, the limit analysis theorems do not hold 
and LP methods cannot be used straightforwardly. 
 However other important aspects discussed in Section 2, 
and generally neglected can be considered in an efficient 
way, such as:  
 Heterogeneity and anisotropy of masonry material 
through a homogenization procedure [26, 27, 39-41]; 
 The infill can be taken into account [43, 50, 51]; 
 Discrete and realistic crack patterns can be both taken 
into account and considered. 
 Homogenization consists in extracting a representative 
element of volume (REV) which generates the whole struc-
ture by repetition, in solving a boundary value problem on 
the REV and in replacing the assembly of bricks and mortar 









Fig. (11). (a) The Tre Ponti bridge in Comacchio Italy, (b) 3D model proposed in [72], (c) vertical normal stress patch, d) thrust line in the 
arch above Pallotta canal. 
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material with mechanical properties evaluated at a cell level. 
The homogenization theory has a sound mathematical basis 
when dealing with elastic, elastic plastic or rigid-plastic  
[26, 27, 40, 76, 77] constitutive equations. However, in the 
present case often it cannot be used rigorously, due both to 
the impossibility of identifying a cell. 
which generates the double curvature structure by repetition 
and to the assumption of non-linear material properties with 
softening. For this reason, simplified kinematic procedures 
have to be attempted. In a number of papers by the Authors, 
a homogenization approach is used: in particular, the vault is 
modeled by means of an orthotropic homogenized material 
obtained with a mesoscopic approach similar to the one pro-
posed by Milani et al. [26, 27], whereas the infill (if present) 
may eventually be modeled by means of an isotropic Mohr-
Coulomb material with tension cutoff and softening, Milani 
& Lourenço [43]. 
 To limit the computational effort, in the framework of 
limit analysis, it is needed to model the structures by adopt-




Fig. (12). The dome of the church of Santa Maria Maddalena in Morano Calabro from analyses reported in [73]. a) Sections A-A and B-B 
cracks distribution at the intrados, b) Fractures strains of the dome subjected to its own weight, c) Maximum modulus eccentricity in a web. 
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noded rigid curved shell elements [39] and six-noded rigid 
infinitely resistant wedge elements [40, 41] have been pro-
posed, where also FRP reinforcement may be also consid-
ered.  
 In these aforementioned papers, the whole deformation is 
concentrated exclusively at the interfaces (modeled by as-
suming either an isotropic frictional material, as for the infill, 
or by means of a homogenized orthotropic material as in the 
case of masonry), thus requiring a very limited number of 
optimization variables to be performed. Fig. (13) shows a 
ribbed cross vault previously numerically modeled by 
Creazza et al. in [69] and experimentally tested by 
Foraboschi and co-workers [78, 79] before and after the ap-
plication of FRP reinforcements. The results obtained by the 




Fig. (14). Ribbed cross vault studied in [40, 41]. (a) Comparison among collapse loads provided by experimentation, limit analysis and non-
linear FE code. (b) Deformed shapes at collapse from limit analysis and non-linear FE code. (c) Normalized plastic dissipation patch ob-
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 However, it is worth noting that a well-known major 
drawback of such “rigid plastic” approaches is the inability 
to provide displacements during the deformation process, an 
important information required instead by some national 
codes of practice (e.g. Italian NTC2008 [80]), where non-
linear incremental analyses (pushover) are suggested. 
 To circumvent this major limitation, a 3D model for the 
evaluation of the non-linear incremental behavior of masonry 
double curvature structures has been recently presented in 
Milani & Tralli [81]. In this model, the heterogeneous as-
sembly of blocks is replaced by a macroscopically equivalent 
homogeneous non-linear material. At the meso-scale a 
curved running bond representative element of volume 
(REV), formed of a central block interconnected with its six 
neighbors, is discretized by means of a few six-noded rigid 
wedge elements and rectangular interfaces. Non linearity is 
concentrated exclusively in the joints modeled as interfaces 
exhibiting a frictional behavior with limited tensile and com-
pressive strength and softening. The macroscopic homoge-
nous masonry behavior is then evaluated in the REV by im-
posing separately increasing internal actions (in-plane mem-
brane actions, meridian and parallel bending, torsion and 
out-of-plane shear). This simplified approach allows estimat-
ing heuristically the macroscopic stress–strain behavior of 
masonry at the meso-scale. The non-linear behavior so ob-
tained is then implemented at a structural level in a novel FE 
non-linear code which relies on an assembly of rigid infinite-
ly resistant six-noded wedge elements and non-linear inter-
faces and exhibits deterioration of the mechanical properties. 
Several numerical examples are taken into account with ref-
erence to different typologies of masonry vaults. In Fig. 
(15a), for instance, a cloister vault experimentally tested in 
[78, 79] is considered. Results provided in Milani and Tralli 
[81] are presented in Fig. (15b) and Fig. (16). To fully assess 
numerical results additional non-linear FE analyses were 
conducted in [81]. In particular, a simplified model was pro-
posed: it consists in performing, at a structural level, a pre-
liminary limit analysis – which allows identifying the failure 
mechanism – and subsequently in modeling masonry with 
elastic elements and non-linear interfaces placed only in cor-
respondence of or near the cracks through which the failure 
mechanism provided by limit analysis is manifested. 
CONCLUSION 
 In this paper the authors have reviewed some methods 
and models, now available in the technical literature and 
commonly used in the analysis of masonry vaults up to their 
collapse, by highlighting advantages and drawbacks of each 
of them. As is known, when masonry is the constituent mate-
rial, the resistant structure is not necessarily coincident with 
the whole masonry construction but it is usually only a part 
of it, hidden inside, and changes according to the different 
external loads and constraint conditions. From a geometrical 
point of view masonry vaults are able to withstand external 
loads basically by virtue of their shape, and in this way it is 
possible to state that form and structure are in such cases 
coincident. All methods adopted to describe the mechanical 
behavior of masonry structures, in order to be reliable, must 
take into account the distinctive aspects of masonry, namely 
the scarce (or zero) tensile strength, the good resistance in 
compression and the occurrence of failure mechanisms 
through rotation-translation of rigid macro-blocks. Classic 
no-tension material models in some cases provide closed-
form solutions, within a rather elegant formulation, by as-
suming a zero-resistance in tension, infinite strength in com-
pression and an isotropic behavior. More sophisticated mod-
els –nearly always based on FEM- allow nowadays to deal 
with anisotropy induced by texture, small tensile strength 
and softening, but they still require at the same time a large 
computational effort. Traditionally, Limit Analysis has 
proved to be the most effective Method for a fast and reliable 
evaluation of the load bearing capacity of vaulted masonry 
structures: classic lower and upper bound theorems recall 
respectively the concepts of equilibrium and occurrence of 
failure mechanisms with rigid elements. The so-called Thrust 
Network Method is influenced by the lower bound theorem, 
whereas the set of approaches based on FE Limit Analysis 
with infinitely resistant elements and concentrated dissipa-
tion usually takes inspiration from the upper bound theorem. 
An alternative to Limit Analysis is represented by traditional 
FEM combined with either elastic-plastic or damaging mod-
els with softening, commonly used for other materials but 
recently adapted also to masonry. They are able to provide a 
large set of output numerical information but further studies 
are still needed to ensure their proper application.  
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